j "Sjécti”on 5.4 Exercises

In Exercises 1-10, solve the problem analytically. Support your
answer graphically.

1.

Finding Numbers The sum of two nonnegative numbers is 20.

Find the numbers if

(a) the sum of their squares is as large as possible; as small as
possible.

(b) one number plus the square root of the other is as large as
possible; as small as possible.

. Maximizing Area What is the largest possible area for a right

triangle whose hypotenuse is 5 cm long, and what are its
dimensions?

. Minimizing Perimeter What is the smallest perimeter

possible for a rectangle whose area is 16 in%, and what are its
dimensions?

. Finding Area Show that among all rectangles with an 8-m

perimeter, the one with largest area is a square.

. Inscribing Rectangles The figure shows a rectangle

inscribed in an isosceles right triangle whose hypotenuse is
2 units long.

P(x, ?)

i 5

-1 0 x 1

(a) Express the y-coordinate of P in terms of x. (Hint: Write an
equation for the line AB.)

(b) Express the area of the rectangle in terms of x.

(c) What is the largest area the rectangle can have, and what are
its dimensions?

. Largest Rectangle A rectangle has its base on the x-axis and

its upper two vertices on the parabola y = 12 — x2. What is
the largest area the rectangle can have, and what are its
dimensions?

10.

11.

12.

. Optimal Dimensions You are planning to make an open

rectangular box from an 8- by 15-in. piece of cardboard by cut-
ting congruent squares from the corners and folding up the sides.
What are the dimensions of the box of largest volume you can
make this way, and what is its volume?

. Closing Off the First Quadrant You are planning to close

off a corner of the first quadrant with a line segment 20 units long
running from (a, 0) to (0, b). Show that the area of the triangle
enclosed by the segment is largest when @ = b.

. The Best Fencing Plan A rectangular plot of farmland will

be bounded on one side by a river and on the other three sides
by a single-strand electric fence. With 800 m of wire at your dis-
posal, what is the largest area you can enclose, and what are its
dimensions?

The Shortest Fence A 216-m” rectangular pea patch is to be
enclosed by a fence and divided into two equal parts by another
fence parallel to one of the sides. What dimensions for the outer
rectangle will require the smallest total length of fence? How
much fence will be needed?

Designing a Tank Your iron works has contracted to design
and build a 500-ft>, square-based, open-top, rectangular steel
holding tank for a paper company. The tank is to be made by
welding thin stainless steel plates together along their edges. As
the production engineer, your job is to find dimensions for the
base and height that will make the tank weigh as little as
possible.

(a) What dimensions do you tell the shop to use?
(b) Writing to Learn Briefly describe how you took weight
into account.

Catching Rainwater A 1125-ft° open-top rectangular tank
with a square base x ft on a side and y ft deep is to be built with
its top flush with the ground to catch runoff water. The costs
associated with the tank involve not only the material from
which the tank is made but also an excavation charge propor-
tional to the product xy.

(a) If the total cost is
¢ = 5(x% + 4xy) + 10xy,
what values of x and y will minimize it?

(b) Writing to Learn Give a possible scenario for the cost
function in (a).
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13.

14.

15.

16.

17.

18.
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Designing a Poster You are designing a rectangular poster
to contain 50 in” of printing with a 4-in. margin at the top and
bottom and a 2-in. margin at each side. What overall dimensions
will minimize the amount of paper used?

Vertical Motion The height of an object moving vertically is
given by

s =—16t2 +96¢ + 112,

with s in ft and 7 in sec. Find (a) the object’s velocity when

t = 0, (b) its maximum height and when it occurs, and

(¢) its velocity when s = 0.

Finding an Angle Two sides of a triangle have lengths a and
b, and the angle between them is 6. What value of 6 will maxi-
mize the triangle’s area? [ Hint: A = (1/2) ab sin 6. ]
Designing a Can What are the dimensions of the lightest
open-top right circular cylindrical can that will hold a volume of
1000 cm?? Compare the result here with the result in Example 4.
Designing a Can You are designing a 1000-cm? right circular
cylindrical can whose manufacture will take waste into account.
There is no waste in cutting the aluminum for the side, but the
top and bottom of radius » will be cut from squares that measure
2r units on a side. The total amount of aluminum used up by the
can will therefore be

A = 8r2 + 2mrh

rather than the A = 2772 + 27rrh in Example 4. In Example 4
the ratio of / to r for the most economical can was 2 to 1. What
is the ratio now?

Designing a Box with Lid A piece of cardboard measures
10 in. by 15 in. Two equal squares are removed from the corners
of a 10-in. side as shown in the figure. Two equal rectangles are
removed from the other corners so that the tabs can be folded to
form a rectangular box with lid.
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(a) Write a formula V(x) for the volume of the box.

(b) Find the domain of V for the problem situation and graph V
over this domain.

(¢) Use a graphical method to find the maximum volume and the
value of x that gives it.

(d) Confirm your result in part (c) analytically.

19.

20.

21.

22.

23.

Designing a Suitcase A 24- by 36-in. sheet of cardboard is
folded in half to form a 24- by 18-in. rectangle as shown in the
figure. Then four congruent squares of side length x are cut from
the corners of the folded rectangle. The sheet is unfolded, and
the six tabs are folded up to form a box with sides and a lid.
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(a) Write a formula V(x) for the volume of the box.

(b) Find the domain of V for the problem situation and graph V
over this domain.

(¢) Use an analytic method to find the maximum volume and the
value of x that gives it.

(d) Support your result in part (c) graphically.
(e) Find a value of x that yields a volume of 1120 in°.

(f) Writing to Learn Write a paragraph describing the issues
that arise in part (b).

Quickest Route Jane is 2 mi offshore in a boat and wishes to

reach a coastal village 6 mi down a straight shoreline from the

point nearest the boat. She can row 2 mph and can walk 5 mph.

Where should she land her boat to reach the village in the least

amount of time?

Inscribing Rectangles A rectangle is to be inscribed under
the arch of the curve y = 4 cos (0.5x) from x = — 7 to x = 7.
‘What are the dimensions of the rectangle with largest area, and
what is the largest area?

Maximizing Volume Find the dimensions of a right circular
cylinder of maximum volume that can be inscribed in a sphere
of radius 10 cm. What is the maximum volume?

Maximizing Profit Suppose r(x) = 8Vx represents revenue
and ¢(x) = 2x? represents cost, with x measured in thousands
of units. Is there a production level that maximizes profit? If so,
what is it?



24. Maximizing Profit Suppose r(x) = x2/(x2 + 1) represents
revenue and ¢(x) = (x — 1)3/3 + 1/3 represents cost, with x
measured in thousands of units. Is there a production level that
maximizes profit? If so, what is it?

25. Minimizing Average Cost Suppose ¢(x) = x> — 10x* — 30x,
where x is measured in thousands of units. Is there a production
level that minimizes average cost? If so, what is it?

26. Minimizing Average Cost Suppose c¢(x) = xe* — 2x?%,
where x is measured in thousands of units. Is there a production
level that minimizes average cost? If so, what is it?

27. Tour Service You operate a tour service that offers the follow-
ing rates:

* $200 per person if 50 people (the minimum number to book
the tour) go on the tour.

e For each additional person, up to a maximum of 80 people
total, the rate per person is reduced by $2.

It costs $6000 (a fixed cost) plus $32 per person to conduct

the tour. How many people does it take to maximize your

profit?

28. Group Activity The figure shows the graph of f(x) = xe™,
%:=:0.

(a) Find where the absolute maximum of f occurs.

(b) Let @ > 0 and b > 0 be given as shown in the figure.
Complete the following table where A is the area of the rect-
angle in the figure.

0.1
0.2
0.3

(c) Draw a scatter plot of the data (a, A).

(d) Find the quadratic, cubic, and quartic regression equations
for the data in part (b), and superimpose their graphs on a
scatter plot of the data.

(e) Use each of the regression equations in part (d) to estimate
the maximum possible value of the area of the rectangle.

29. Cubic Polynomial Functions
Letf(x) =ax® + bx? + cx+d,a # 0.

(a) Show that f has either 0 or 2 local extrema.

(b) Give an example of each possibility in part (a).
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30. Shipping Packages The U.S. Postal Service will accept a
box for domestic shipment only if the sum of its length and girth
(distance around), as shown in the figure, does not exceed 108
in. What dimensions will give a box with a square end the larg-
est possible volume?

Girth = Distance
around here

31. Constructing Cylinders Compare the answers to the follow-
ing two construction problems.

(a) A rectangular sheet of perimeter 36 cm and dimensions x cm
by y cm is to be rolled into a cylinder as shown in part (a) of
the figure. What values of x and y give the largest volume?

(b) The same sheet is to be revolved about one of the sides of
length y to sweep out the cylinder as shown in part (b) of the
figure. What values of x and y give the largest volume?

X

Circumference = x
\

(a) (b)

32. Constructing Cones A right triangle whose hypotenuse is
3 m long is revolved about one of its legs to generate a right
circular cone. Find the radius, height, and volume of the cone of
greatest volume that can be made this way.

33. Finding Parameter Values What value of a makes
f(x) = x*> + (a/x) have (a) a local minimum at x = 2?
(b) a point of inflection at x = 1?
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34. Finding Parameter Values Show that f(x) = x> + (a/x)
cannot have a local maximum for any value of a.

35. Finding Parameter Values What values of a and b make
f(x) = x* + ax® + bx have (a) a local maximum at x = —1
and a local minimum at x = 3? (b) a local minimum at x = 4
and a point of inflection at x = 1?

36. Inscribing a Cone Find the volume of the largest right circu-
lar cone that can be inscribed in a sphere of radius 3.

37. Strength of a Beam The strength S of a rectangular wooden
beam is proportional to its width times the square of its depth.

(a) Find the dimensions of the strongest beam that can be cut
from a 12-in.-diameter cylindrical log.

(b) Writing to Learn Graph S as a function of the beam’s
width w, assuming the proportionality constant to be k = 1.
Reconcile what you see with your answer in part (a).

(c) Writing to Learn On the same screen, graph S as a func-
tion of the beam’s depth d, again taking £ = 1. Compare the
graphs with one another and with your answer in part (a).
What would be the effect of changing to some other value of
k? Try it.

w
e

38. Stiffness of a Beam The stiffness S of a rectangular beam is
proportional to its width times the cube of its depth.
(a) Find the dimensions of the stiffest beam that can be cut from
a 12-in.-diameter cylindrical log.
(b) Writing to Learn Graph S as a function of the beam’s
width w, assuming the proportionality constant to be &k = 1.
Reconcile what you see with your answer in part (a).

39.

40.

41.

42.

43.

44.

(c) Writing to Learn On the same screen, graph S as a func-
tion of the beam’s depth d, again taking k = 1. Compare the
graphs with one another and with your answer in part (a).
What would be the effect of changing to some other value
of k? Try it.

Frictionless Cart A small frictionless cart, attached to the wall

by a spring, is pulled 10 cm from its rest position and released at

time 7 = 0 to roll back and forth for 4 sec. Its position at time ¢
is s = 10 cos 7t

(a) What is the cart’s maximum speed? When is the cart mov-
ing that fast? Where is it then? What is the magnitude of the
acceleration then?

(b) Where is the cart when the magnitude of the acceleration is
greatest? What is the cart’s speed then?

LM@N@NW\\M ol

Electrical Current Suppose that at any time ¢ (sec) the current
i (amp) in an alternating current circuitis i = 2 cost + 2 sin 1.
What is the peak (largest magnitude) current for this circuit?
Calculus and Geometry How close does the curve y = Via
come to the point (3/2, 0)? (Hint: If you minimize the square
of the distance, you can avoid square roots.)

, Vx
(x, Vx) y=\f}

Calculus and Geometry How close does the semicircle
y = V16 — x? come to the point (1, V'3)?
Writing to Learn Is the function f(x) = x> — x + 1 ever

negative? Explain.
Writing to Learn You have been asked to determine whether
the function f(x) = 3 +'4 cos x + cos 2x is ever negative.

(a) Explain why you need to consider values of x only in the
interval [0, 277 ].

(b) Is f ever negative? Explain.
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45. Vertical Motion Two masses hanging side by side from D G
springs have positions s; = 2 sin f and s, = sin 21, respectively, R
with s, and s, in meters and  in seconds.
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49. Sensitivity to Medicine (continuation of Exercise 48,
Section 3.3) Find the amount of medicine to which the body
is most sensitive by finding the value of M that maximizes the
derivative dR/dM.

50. Selling Backpacks 1t costs you ¢ dollars each to manufacture
and distribute backpacks. If the backpacks sell at x dollars each,
the number sold is given by

(a) At what times in the interval + > 0 do the masses pass each
other? (Hint: sin 2t = 2 sin t cos t.)

a
(b) When in the interval 0 = r = 27 is the vertical distance ot + b(100 — x),
between the masses the greatest? What is this distance?
(Hint: cos 2t = 2 cos*t — 1.) where a and b are certain positive constants. What selling price

; : e : : ill bring i it?
46. Motion on a Line The positions of two particles on the s-axis ML

are s; = sinz and s, = sin (# + 7/3), with s; and s, in meters
and 7 in seconds.

(a) At what time(s) in the interval 0 = ¢ = 27 do the particles Standardized Test Questions
meet? You may use a graphing calculator to solve the following problems.
(b) What is the farthest apart that the particles ever get? 51. True or False A continuous function on a closed interval
(c) When in the interval 0 = ¢ = 27 is the distance between the must atain a maximum value on that interval. Justify your
particles changing the fastest? QiSWeE
47. Finding an Angle The trough in the figure is to be made to 52. True or False If f'(c) = 0 and f(c) is not a local maximum,
the dimensions shown. Only the angle 6 can be varied. What then f(¢) is a local minimum. Justify your answer.
value of # will maximize the trough’s volume? 53. Multiple Choice Two positive numbers have a sum of 60.

What is the maximum product of one number times the square
of the second number?
(A) 3481 (B) 3600 (C) 27,000
(D) 32,000 (E) 36,000

54. Multiple Choice A continuous function f has domain | 1, 25]
and range [3,30].If f'(x) < O for all x between 1 and 25,
what is f(25)?
(A) 1 B)3 ©) 25 D) 30
(E) impossible to determine from the information given

48. Group Activity Paper Folding A rectangular sheet of 8 1/2- 55. Multiple Choice What is the maximum area of a right triangle
by 11-in. paper is placed on a flat surface. One of the corners is with hypotenuse 10?
placed on the opposite longer edge, as shown in the figure, and 5
held there as the paper is smoothed flat. The problem is to make () 2 2 © 25V2
the length of the crease as small as possible. Call the length L. D)48  (E)50
Try it with paper.
(a) Show that I? = 2x3/(2x — 8.5).

(b) What value of x minimizes L*?

(¢) What is the minimum value of L?
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56.
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Multiple Choice A rectangle is inscribed between the parabolas
y = 4x?and y = 30 — x? as shown below:

o

[-3. 3] by [-2,40]

What is the maximum area of such a rectangle?
(A)20V2  (B)40  (C)30V2
(D) 50 (B) 40V2

Explorations

57.

58.

Fermat’s Principle in Optics Fermat’s principle in optics
states that light always travels from one point to another along

a path that minimizes the travel time. Light from a source A is
reflected by a plane mirror to a receiver at point B, as shown in
the figure. Show that for the light to obey Fermat’s principle, the
angle of incidence must equal the angle of reflection, both mea-
sured from the line normal to the reflecting surface. (This result
can also be derived without calculus. There is a purely geometric
argument, which you may prefer.)

Normal
Light
receiver

Light
source

Angle of
incidence

Angle of
reflection

0

Plane mirror

Tin Pest When metallic tin is kept below 13.2°C, it slowly
becomes brittle and crumbles to a gray powder. Tin objects
eventually crumble to this gray powder spontaneously if kept in
a cold climate for years. The Europeans who saw tin organ pipes
in their churches crumble away years ago called the change tin
pest because it seemed to be contagious. And indeed it was, for
the gray powder is a catalyst for its own formation.

A catalyst for a chemical reaction is a substance that controls
the rate of reaction without undergoing any permanent change in
itself. An autocatalytic reaction is one whose product is a cata-
lyst for its own formation. Such a reaction may proceed slowly
at first if the amount of catalyst present is small and slowly again
at the end, when most of the original substance is used up. But
in between, when both the substance and its catalyst product are
abundant, the reaction proceeds at a faster pace.

In some cases it is reasonable to assume that the rate v = dx/dt
of the reaction is proportional both to the amount of the original
substance present and to the amount of product. That is, v may
be considered to be a function of x alone, and

v =lkx(a — x) = kax — k2,

59.

60.

61.

62.

where
x = the amount of product,
a = the amount of substance at the beginning,
k = a positive constant.

At what value of x does the rate v have a maximum? What is the
maximum value of v? j

How We Cough When we cough, the trachea (windpipe)
contracts to increase the velocity of the air going out. This
raises the question of how much it should contract to maxi-
mize the velocity and whether it really contracts that much
when we cough.

Under reasonable assumptions about the elasticity of the tracheal
wall and about how the air near the wall is slowed by friction,
the average flow velocity v (in cm/sec) can be modeled by the
equation

=S

= c(rp — r)r?, =1

NS

where 7 is the rest radius of the trachea in cm and c is a positive
constant whose value depends in part on the length of the trachea.

(a) Show that v is greatest when r = (2/3)r, that is, when the
trachea is about 33% contracted. The remarkable fact is that
X-ray photographs confirm that the trachea contracts about
this much during a cough.

(b) Take 7, to be 0.5 and ¢ to be 1, and graph v over the interval
0 = r = 0.5. Compare what you see to the claim that v is a
maximum when r = (2/3)r,.

Wilson Lot Size Formula One of the formulas for inventory

management says that the average weekly cost of ordering, pay-

ing for, and holding merchandise is

hg

2

where ¢ is the quantity you order when things run low (shoes,

radios, brooms, or whatever the item might be), & is the cost of

placing an order (the same, no matter how often you order), ¢

is the cost of one item (a constant), m is the number of items

sold each week (a constant), and 4 is the weekly holding cost

per item (a constant that takes into account things such as space,
utilities, insurance, and security).

km
A(g) = v S CNTEL

(a) Your job, as the inventory manager for your store, is to
find the quantity that will minimize A(g). What is it? (The
formula you get for the answer is called the Wilson lot size
formula.)

(b) Shipping costs sometimes depend on order size. When they
do, it is more realistic to replace k by k + bg, the sum of k and
a constant multiple of g. What is the most economical quantity
to order now?

Production Level Show that if r(x) = 6x and ¢(x) =

x3 — 6x2 + 15x are your revenue and cost functions, then the

best you can do is break even (have revenue equal cost).

Production Level Suppose c¢(x) = x* — 20x? + 20,000x is

the cost of manufacturing x items. Find a production level that

will minimize the average cost of making x items.



Extending the Ideas

63. Airplane Landing Path An airplane is flying at altitude H
when it begins its descent to an airport runway that is at horizon-
tal ground distance L from the airplane, as shown in the figure.
Assume that the landing path of the airplane is the graph of a
cubic polynomial function y = ax? + bx? + cx + d where
y(=L) = Hand y(0) = 0.

(a) What is dy/dx at x = 0?

(b) What is dy/dx at x = —L?

(c) Use the values for dy/dx at x = 0 and x = —L together with
¥(0) = 0and y(—L) = H to show that

SRLEGREON

Landing path Y

H = Cruising altitude ’
Airport

< L

In Exercises 64 and 65, you might find it helpful to use a CAS.

64. Generalized Cone Problem A cone of height # and radius
r is constructed from a flat, circular disk of radius a in. as
described in Exploration 1.

(a) Find a formula for the volume V of the cone in terms of x
and a.

(b) Find r and 4 in the cone of maximum volume for a = 4,
5,.6,,8.

(c) Writing to Learn Find a simple relationship between r and
h that is independent of a for the cone of maximum volume.
Explain how you arrived at your relationship.
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65. Circumscribing an Ellipse Let P(x, a) and Q(—x, a) be two
points on the upper half of the ellipse

R s

100 P

centered at (0, 5). A triangle RST is formed by using the tangent
lines to the ellipse at Q and P as shown in the figure.

1

(a) Show that the area of the triangle is

f(x) r

(el

where y = f(x) is the function representing the upper half of
the ellipse.

(b) What is the domain of A? Draw the graph of A. How are the
asymptotes of the graph related to the problem situation?

Alx) = —f'(x)[x -

(c) Determine the height of the triangle with minimum area.
How is it related to the y-coordinate of the center of the
cllipse?

(d) Repeat parts (a)—(c) for the ellipse

2 ) — B)2
2 G2
CZ B’Z
centered at (0, B). Show that the triangle has minimum area
when its height is 3B.



