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A Finite Element Method for Classical Plate Theory

1. Governing Equations

Here the governing equations of classical plate theory in Cartesian coordinates are listed. Some of the
equations below contain the two-dimensional alternating symbol

0 1
&ij = [_1 0] ) (1.1)
which possesses the properties &;; = —gj;, &€ = —0i, and €j;€jx = 8y, where 6y, are the components of the

two-dimensional identity matrix (the so-called Kronecker delta).

Denoting u as the transverse displacement of the plate, the rotation vector ¢; and the curvature tensor k;;

are

(Pi = eiju_j ) Kij = u’i]- , (12)
where the comma represents differentiation with respect to the spatial coordinates. Hooke’s Law is

Eh3
Myx = —M,,, = 20 +v)
Eh?
My = — 12(1 — v2) [Fexx +viyy | (1.3)
Eh3
M

yx:m [V"xx+"yy] -

In eqns. (1.3), E is Young’s modulus, v is Poisson’s ratio, M;; are the components of the moment tensor, and h is
the plate thickness. Note that M;; is the moment vector in the j—direction acting on the face whose normal is the
i—direction. Notwithstanding, eqns. (1.3) can be written in tensorial form as

Mimemj = (M- €)ij = Cijraky

Eh3 1
Cijri = 12(1=v9) [ (X =) Lj +v6;i6 | Lijky = E( 881 + 661 ) - (14)

Now, moment equilibrium is
Mj;; +e&;V;=0 or Mjep+Ve=0, (1.5)
which when written out, is
Ve =Myyx+ My, and V, =—My,—M,, (1.6)
where V; are the components of the internal shear vector. Next, transverse equilibrium is
Viitq=0, 1.7)

where q is the distributed load (force per unit area acting in the z—direction).

Finally, substitution of eqns. (1.3) into eqns. (1.6) gives Hooke’s Law for the shear vector

Eh3

hTTRA-

(V2u);, (1.8)

where V2u = u , + Uy is the Laplacian of u, and which when put into eqn. (1.7) yields the governing equation
of the plate, viz.,
Eh3

m V4u =q. (19)

In eqn. (1.9), V*U = Uy + 2U yxyy T+ Uy yyy is the bi-harmonic of u.
2
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Turning attention to polar coordinates, eqns. (1.2) are

1
¢r=;u,9 ) b = —u, ,
1 1 1 1
Kpr = Upp Koo =7 Ugo + —Ur Krg = Kor = ~Urg — 53U - (1.10)

In polar coordinates, Hooke’s Law (1.3) is obtained by making the replacements x - randy — 6
Now, eqns. (1.8) become in polar coordinates

Eh3 1 1 1 2
V= “120-v) [u,rrr + 7 Urr — Uy +r—2u,ree ~ 73 tos ] )
Eh3 1 1 1
Vo = RV [;u,rre +3Ure +3Ueos ] : (1.11)
Finally, the bi-harmonic operator in eqn. (1.9) is
V4u:urrrr+zurrr—iu +£u 06 +iu —Eu 00 +iu99 + —U g - (1.12)
’ r rz T ez T r3 " 377 rt rt

2. The Principle of Virtual Work

Let u”* be an arbitrary, twice differentiable function (the so-called virtual displacement). By the product
rule of differentiation then, (u*V;) ; = ujV; + u"V; ;. Substitute the transverse equilibrium eqn. (1.7) into this
result to obtain

uiVi=@WV); +u'q. 2.1)

Now, the virtual rotation vector is ¢; = g;;u}, and via the moment equilibrium equation (1.5) V; = —My; . &j;.
Using these two results in eqn. (2.1) gives

=i Myjp = WV +u'q. (2.2)
By the product rule of differentiation again (¢]*M ) P = & kMyj + ¢j My i This result, when put into
eqn. (2.2), yields
¢;iM;; = (¢;Mij)'i + @V, tu'q. (2.3)

Now, using Hooke’s Law (1.4) and the definition of the virtual rotation vector, ¢;;M;; = w’j;(M - £);; =
= w};Cyjii 1k, Which, when put into eqn. (2.3), gives

WjiCijrat ik = ((p;Mij),i + @V, +tu'q. (2.4)
Integrate eqn. (2.4) over the domain of the plate A, and use the Divergence Theorem to see

fu'*jicl‘jklu,lk dA = %(p;‘]\/[] dt + f u*Vn dt + f u*q d4a , (25)
A t t A

where M; = n;M;; is the boundary moment vector and V;, = n;V; is the normal component of the shear vector (n

is the outward pointing unit normal vector on the boundary). Also, t is the circumferential coordinate around the
boundary of the plate (measured in the counterclockwise sense).

While eqn. (2.5) is valid, the circuit integral terms need to be modified to agree with the admissible
boundary equations of plate theory. Consequently, using u’ = ¢y, the product rule of differentiation gives
W' My) ¢ = ppMy, + u* M, ;. Integrating this around the circuit yields

3
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)5 (WM, dt = jg d@u'M,) =0 = f Pi M, dt + fu*Mnrt dt (2.6)
t t t t
or

f LM, dt = — jﬂ w M, dt . 2.7)
t

t
Thus, via eqn. (2.7)

fqb;]vrj dt + f wy, dt = 3§¢;;Mn de + ff IM, dt + f WV, dt = jgda;‘Mt de + f Wi, dt,  (2.8)
t t t t t t t

where 1, = V;, — M, is the Kirchhoff shear force. Finally, then, substitution of eqn. (2.8) into eqn. (2.5) gives
the Principle of Virtual Work, viz.,

ju,*jicijklu,lk dA = f G M dt + .‘f w'V, dt + ju*q da . (2.9)
A t t A

From eqn. (2.9), one sees that admissible boundary conditions for plate theory are: prescribe either ¢y or M} on
the boundary; and prescribe either u or ;.

3. Example in Cartesian Coordinates

Here, the solution to a simple problem in Cartesian coordinates is presented, which problem will be
solved numerically later in §8 with the finite element method.

y
i - L The domain of the rectangular plate under consideration is
- 2 E - shown at left in Fig. 1. The plate is subject to the distributed load

= -heos(Meos(Z), @

where F > 0 is the net downward force of the distribution, i.e.,

m|:f;

fqu =-—F. (3.2)
A
Note that q is zero on the boundary and is maximum at the origin.

Hence the term “bubble.” On all four faces the boundary
conditions are

l\)lI

u=0, M,=0, (3.3)

which are the so-called “simply-supported” boundary conditions.

Figure 1. Domain of an L by H
rectangular plate.

The governing eqn. (1.9) is, via eqn. (3.1),

3n2(1 —v3)F X i)
Usxxx T 2Uxxyy T Uyyyy = — TERLH cos (— ) cos ( —) , (3.4)
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which is solved with a displacement of the form

_ X ny
u—kcos(T)cos(F). (3.5
Substituting eqn. (3.5) into eqn. (3.4) gives that
= 3(1 —v?) L3H3 26
- m2ER® | (L2 + H?)? (3.6)
With eqns. (3.5) and (3.6) the problem is solved.
By differentiation of eqn. (3.5) by way of the first eqns. (1.2), the rotation vector is
3(1 —v?) X Ty
b, = TIER3 [(LZ +H2)2] FCOS(T)SII’I( H ),
3(1 —v?) L*H3 X Ty
by =— e [(L2+H2)2 Fsm(T)cos(?). (3.7)
Now, using the second of eqns. (1.2) and eqn. (1.3), the moment components are
(1- v)F L?H? . mx Ty
MXx:_Myy: |:(L2+H2)2:|SIH(T)SIH(H),
F [LH(vL? + HZ) X Ty
Mxy——z W COS(T)COS(?), (38)
LH(L? + vH?) X 5%
yx :Z W COS(—)COS(F).
Finally, differentiating eqns. (3.5) and using eqns. (1.8), one obtains the components of the shear vector
nF H ./ TIX Ty F L X Ty
b= |lmm) o (T)es (7). %= [mzm] s (T)n(F)- 69

Note that both the displacement u and the bending moments M,,, and M,,, are zero on the boundary so that the
boundary conditions (3.3) are satisfied.

Now, at the upper right corner of the domain, the normal moment vector M, = M, before the corner
and M, = M,,, after the corner are, via the first of eqns. (3.8),

_ L Q- v)F L?H?
My =-M; = (21 HD)? (3.10)
so that the corner force (at the upper right corner) is
B N v)F L?>H?
My —M; = (21 HD)? (3.11)

4. Example in Polar Coordinates

Here a problem in polar coordinates is solved, which problem later will be solved numerically in §9 with
the finite element method. Specifically, below in Fig. 2 is shown the domain of a quarter-annular plate. The
distributed load q is zero. The boundaries at & = 0 and 6 = 1/2 are simply supported, i.e.,

u=20, M, =0, (41)
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while the inner radius v = a is built in, i.e.,

u=¢,=0. (4.2)
A transverse sinusoidal edge traction is applied to the outer radius r = b, viz,,
_ 2F |
M, =0, V, = 751n 40 , (4.3)

where F > 0 is the total force of the traction over the interval 8 € [0, w/4].

This problem may be solved with a displacement of
the form

y u = f(r)sin46 . (4.4)

With eqn. (4.4) and the first of eqns. (1.10), the components of the
rotation vector are

4
b ¢r=;fcos49, ¢o = —f'sin40 . (4.5)
— Next, via the second of eqns. (1.10) and Hooke’s Law, the moments
are
M_M_Eh3 (1, 1) 16
p X T T 31+ v) rf rzf coS=Y,
Mo == (2 =2 Veinas, (ac
re — 12(1—V2) f T'f TZ f sin ) ( ' )
Figure 2. The quarter-annular plate u Eh3 , 1, 16 in 46
under consideration. o = 1201 —v?) (Vf +;f _T_zf) SIN&Y.

Finally, eqn. (1.11) gives the components of the shear vector

Eh3 o117 32 N
Vr=‘m(f Fof S ) singo,

ER® (1 1 16
Vo =~ 30— )( [ ——r3f>cos49. (4.7)

On the boundary, the Kirchhoft shear forces are

r=b> U=V — idg/gr, 0=0> Vn=—V9—dlg:9,
_ dMgg _ 1 dM,.,
0=n/2 = V,=Vy+ el r=a= V,=-V+- 0 (4.8)
or, respectively, forr =b,0 = 0,0 = /2 andr = a,
_ Eh3 o1 (33—-16v) , 16(3—v) _
Vn=——12(1_v2) [f +Ef - b2 f'+ 03 f] sin46 ,

V, =
n rz

4(2—v) 4(1 -2v) , 8(7+v)
12(1 —v2) [ fr fr= f
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_ 4(2—-v) 4(1 - 2v) 8(7+v)
V= r— 4.9
" 12(1—1/2) [ [lr=—— f (4.9)
7= 1, (33-16v) , N 16(3 —v) 140
" 12(1 —vz) f af a? f a3 f|sin46.
Now, substituting the displacement (4.4) into the governing equation V*u = 0, see eqn. (1.12), one
obtains the differential equation
rnrr + 2 24 33 n + 33 ! + 192 — 0 4 10
f T'f TZ f T3 f T4 f - Y- ( ' )
The solution to eqn. (4.10) is
ki k,
f——+—+k3T‘ +k4T
kq k,
f = _4__2 +4k3T' +6k47'
kq k,
f''= 20 z+ 6 <t 12k57r? + 30k,r?, (4.11)

ki kg
fr = 120— — 24— + 24ksr + 120k,r3

Looking at eqns. (4.4) and (4.6), one sees that the boundary conditions (4.1) are satisfied identically. The
conditions, respectively, u(a,8) = 0, ¢, = —dy(a,0) = 0, M, = M,.9(b,0) = 0 and V}, = (2F /b) sin 46 yield
the system of equations to satisfy the boundary conditions (4.2) and (4.3), viz,,

1/a4 1/a2 a4 a6 kl
[ -2/a® -1/a® 2a3 3a® ] k,

[ 10(1 —v)/b® 3(1-3v)/b* 6(1—-v)b%2 53 —v)b* .(4.12)

k
—5(1—v)/bS —-3(2—v)/b* 3(1-v)b?  —5vb* J ki \ L(l - VZ)F/(ZEh3)
Using the constants

E=3.0x10"psi, v=03, h=10in, F=10000lb, a=120in, b=360in, (4.13)
the solution to eqn. (4.12) is

k, = 1.666 591 940 231 4806 x 108, k, = —1.547 802 450 020 5023 x 10*,

ks = 1.354 435354 756 7996 x 1077, ks = —3.252 532373 5989290 x 10715 (4.14)

which constants solve the problem at hand.

As a final comment, for the constants (4.13) and (4.14), the values of the four corner forces are

Corner Force at (1, 0) Value (Ib)
(Mgg — M)(a,0) 0
(Mgg — M;)(b,0) —3935.94
(Myr — Mgg)(b,m/2) 3935.94
(Myr — Mgg)(a,m/2) 0
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5. A C4 18-Degree of Freedom Triangle Element

At left, in Fig. 3, is shown a 21—degree of freedom triangle
finite element. The vertex nodes 0, 1 and 2 each possess six
degrees of freedom, viz., U, U x, Uy, U xx, U xy and U,,,. The three
face nodes 3, 4 and 5 are located at the face midpoints, and they
each possess a single degree of freedom u ,,, i.e., the normal
derivative in the outward direction. Denoting the 21 degrees of
freedom as u!, which is the element displacement vector, the
displacement u in the interior of the element is interpolated via

u=Ssh!, 5.1

where ST are the so-called shape functions. The shape functions
(X", x") may be written as
0:X 1 Sl = pltt (1,)) € (0,20) , (5.2)

Figure 3. The 21-degree of freedom
triangle as explained in the text. ~ where t/ are the terms of the complete fifth-order polynomial, i.e.,

(Xzo X )

£© (1
i1 g2 xz y ,
3 4 5 x° xy y
g et ot _
t t6 7 8 0 x* x%y  xy? 3 ' -3
£10 (11 412 413 414 x4 x3y x2y2 xy3 y4
lt15 t16 t17 t18 t19 tZOJ XS x4y x3y2 x2y3 xy4 ys ]

The matrix of coefficients b” in eqn. (5.2) is found by inverting a 21 X 21 matrix. In practice, the coordinates in
eqn. (5.3) are translated so that node O is at the origin, which avoids any numerical ill-conditioning.

The three mid-side nodes are somewhat of a nuisance, so these

0 1 three degrees of freedom are removed from the element by using the
.0 ® .1 4 following procedure. The normal derivative is assumed to be cubic
U, u,, along the faces of the element, i.e.,

0 1
U, nt U'ne Up = fOoud + fluf + fPuh + f3ul, . (54)

Figure 4. A cubic variation of u ,,
along a face of the triangle. ~ where the derivatives are in the boundary nt—system, and

1 L
fo=g@-3648),  fl=f(-f-£248Y,
fr=g@436-8),  fef(1-E+EHEY. (55)

In eqns. (5.5), ¢ € (—1,1) is the normalized coordinate along the element face, as pictured in Fig. 4. The length of
the element face is L. Evaluating eqns. (5.5) at £ = 0, i.e., at the mid-node,

0__ 1__ 2 - _ 3 =__ 5.6
=g =g fr=3 f g’ (5.6)

and using u, = n;u; and u,, = n;tju;; (n and t are the unit normal and tangent vectors), one obtains that
ul® = A181y1 uld = A1yl u20 = 2011 1€ (0,17) (5.7)

where 18, 19, and 20 are the degree of freedom numbers of the mid-node normal derivates, and

8
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0 0 0
n2/2 0 ng/2
ny/2 8 ny/2
L'n0t?/8 0 —L*n3t3/8
LO(ndt) +njt?)/8 0 —L*(n2t? +n2t2)/8
L'nt9/8 0 —L*n%tZ/8
0 Ny /2 0
nd/2 ny/2 0
A8 — ny/2 AT = L'nyty/8 . A0 = 0 .(5.8)
_1070¢0/8 L (nit} +nitl)/8 :
—L°(n2t) + nYt?)/8 L'n}t;/8 0
70,040 0 0
L na,ty/S nl/2 n2/2
0 n},/Z n32;/2
8 —L'nltl/8 L?>nZtZ/8
0 —L*(nyty +nyty)/8 L*(n2t2 + n2t2)/8
0 | i —L'njt;/8 ] i L*n3t/8

In eqns. (5.8) the superscripts on L, ny, n,,, t, and t,, refer to the face numbers in Fig. 3. Finally, via eqns. (5.7)
and (5.8), the interpolation and shape functions become

u=Shul, st =cltl, 1€(0,17), J € (0,20) ,
CI] — bI] +A18Ib18] +A191b19] +A201b20] . (5_9)

Thus, with eqns. (5.9), the element now only has nodes at the vertices, leaving an 18—degree of freedom element.
Finally, note that the gradients of u are interpolated as

u; =Siul, w;; =Sl St=clt], St = c”t,]ij , etc. (5.10)

Turning attention to the Principle of Virtual Work (2.9), interpolate the virtual displacement u* and virtual
rotation ¢; as
u' =St b; = enuy = euSiu’ > ¢ = i = tiggSiu (5.11)
where u*! are the nodal values of u*. Substitution of the interpolations (5.11) into eqn. (2.9) yields
u*! -f SkiCikpqihgp dA = u*! % ti€nSEMy; dt + u*! % STy, dt +u*! f SlqdaA , (5.12)
A t t A

or since u*! is arbitrary

f SkiCikpqthqp dA = ff tienSkMy; dt + fslvn de + j SlgdA . (5.13)
A t t A

Now, putting the interpolations u 4, = S,{Ipu] into eqn. (5.13) gives the element stiffness relation

KW =fic+ i +f =", (5.14)

where
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KU = fsjcjciqus,{m da , fir = ftigiksjcmt de , fii= 3§51Vn dt , fi= fSIq dA . (5.15)
A t t

b

*—eo —o—o '3
I‘{O: ﬂ1t i‘fzr ”31
. ® - &
ve, V', V2
Figure 5. Quadrature points. The blue points are for Figure 6. Schematic of prescribed non-zero boundary
area integrations and the red points are for values of M, and V,.

linear boundary integrations.

The area integrals in eqns. (5.15) are calculated numerically with the 12-point quadrature rule of
Dunavant, the quadrature points of which rule are depicted by the blue points in Fig. 5 above. The 12-point rule
will integrate a sixth-order polynomial exactly. In the integral expression for fq’ , q is interpolated through the
element area via g = N'q’, where g’ are the three nodal values of g, and N/ are the usual linear shape functions
(based on area coordinates) of the triangle. The linear integrations (along the boundaries) in eqns. (5.15) are
performed using the 4-point Gauss-Legendre quadrature rule, which rule will integrate a seventh order polynomial
exactly. The quadrature points for this rule are depicted by the red points above in Fig. 5.

Figure 6 above shows an element face where non-zero boundary values of M, and/or ¥, are prescribed,
where ¢ € (—1,1) is the normalized coordinate along the element face. If M is prescribed, then it is represented
by the cubic function

M = mOML + mME + m2PMmME + m3ME (5.16)

where M/ are the values of M, at four equally spaced points along the element face (as depicted in Fig. 6), and

1 9
mozﬁ(—1+f+9§2—9f3), m1=ﬁ(1—3f—52+353)'

2_ 0 2 3 3_ 1 2 3
m =R(1+35—E -3&°), m =E(—1—E+9E +9¢°) . (5.17)
Similarly, if ¥, is prescribed, then it is represented by the quadratic function
7, = vO70 4 v17L + 202 (5.18)

where V! are the values of ¥, at three equally spaced points along the element face, and

WoD(EHE), w12, vi=o (648D (519)

At this point, it is worth demonstrating that this element exhibits C; continuity, i.e., the value of u , is
continuous across adjoining elements. If an element does not possess C; continuity, then numerical results
obtained for plate theory will not converge to the exact solution. This is because the integrand in the first integral
of eqns. (5.13) is not defined on the boundaries of the element. Notwithstanding, Fig. 7 below shows two
adjoining triangle elements. In the figure: the red numbers are the element numbers; the blue numbers are the
element local node numbers; and the black numbers, the global node numbers. A global displacement vector u9,

10
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(237 shown in Fig. 8, was applied to the assemblage of two elements. It contains the
15 integers 1 through 24 listed in random order. Figure 9 below shows the variation of
16 u along the line running from global node 1 to global node 2. The solid red curve is
21 obtained with the shape functions of element 0; and the dashed blue curve, with the
13 shape functions of element 1. The two curves coincide, i.e., the element is C,
120 continuous. Figure 10 below shows the variation of the normal derivative u , along
12 (8,12)
24 3
5
y (4.,8)
_| 14 '
ud = 4 2
11
19
6
3 1
7 0 (9.3)
o (2,2)
20 Figure 7 (directly above). An assembly of two triangle elements as explained in the
18 text.
22 Figure 8 (at left). The global displacement vector applied to the assemblage of
[ 1 | elements in Fig. 7.
o o
e e
N
N
N f
5«
[ \\
2 \
2 \
\\
\\-—
3 SE g S
41.00  -0.50 0.00 0.50 1.00 41.00  -0.50 0.00 0.50 1.00
g g

Figure 9. Variation of u along the adjoining boundary  Figure 10. Variation of u,, along the adjoining
of the two elements, as described in the text. boundary of the two elements, as described
in the text.

the line running from global node 1 to global node 2. The direction of the normal derivative is from element 0 to
element 1. Once again, the solid red curve is obtained with the shape functions of element 0; and the dashed blue
curve, with those of element 1. The two curves coincide, i.e., the element is C; continuous.

11
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6. A C1 24-Degree of Freedom Quadrilateral Element

At left, in Fig. 11, is shown a 30—degree of freedom
3 quadrilateral element, which, in fact, is just an assemblage of four
triangle elements. The central node is at the intersection of the
quadrilateral’s diagonals, and in the figure: the black numbers are
the local node numbers of the quadrilateral; the blue numbers, the
local node numbers of the triangles; and the red numbers, the
triangle numbers. The quadrilateral stiffness relation is then the
assembly of the four triangle’s stiffness relations. To remove the
central node 4, write the quadrilateral stiffness relation in terms of
sub-matrices
1 Kaaxza  Laaxe | [W2ax1] _ [f2ax1

M¢x24  Nexe ] Vex1 ] L gexa ] ’ 61

face 2

¢ 9%¢}

face o

Figure 11. Quadrilateral element as
described in the text. where vg,; contains the displacement degrees of freedom of the

central node. Solving for v, one obtains

w=N"1g, P=NM = v=w-Pu. (6.2)
Substituting this expression for v back into eqn. (6.1) gives

Q=LP, z=Llw = [K—-QlJu=f-1z, (6.3)

the last equation of which is the 24 X 24 stiffness relation of the four-noded quadrilateral element (again, with the
central node removed).

Sometimes, to apply the displacement boundary conditions of the

e .
v problem, a node will need to be transformed from the xy—system to the
¢ n boundary nt—system. The unit vectors in Fig. 12 at left are
a n=cosae,+sinae, =n.e, +nye,
a e, t=—sinae, +cosae, =t,e, +tye,. (6.4)
igure 12. The xy— an ow, define the matrices T+, and T in terms of the unit vectors n and t o
F 12. Th d Now, define th T!, T2 and T f th dtof
nt—systems. eqn. (6.4) via
n n ng 2nyn,, n32/ lix1 Oix2 Oix3
T! = [ t: t;]] , T2 = | nyty Nyty +nyt, nyt, | T=|02a Tixz 0| (65)
tz 2ty t,, tjzz 031 032 T3

so that the nodal transformations between the two coordinate systems are
U, = Tuy,, , Uy, =T uy, . (6.6)
In eqns. (6.6), u,,, are the six displacement components of a node in the xy—system, and u,, are the six

displacement components of a node in the nt—system. Next, write the stiffness relation (6.3) of the quadrilateral
in terms of 6 X 6 and 6 X 1 submatrices as

K00 KO1 KO0z KO3 u,%y fJ?y
K10 g1 g1z g3 || uyy _ fiy ©7)
KZO KZl KZZ K23 u)ZCy f)%y . -

K30 K31 K32 K33 u3 f3
Xy Xy

12
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Finally, for example, if node 1 of the element is in the nt—system, then eqn. (6.7) is transformed as

u? £0

KOO KOlT—l KOZ K03 Xy xy
T-TKO TTKUT™! TTK2 T7KS || Une |_| fne 68
KZO KZIT—I K22 K23 uJZCy - f)%y ’ ( . )

K30 K31T—1 K32 K33 3 f3

Uy xy

where

£, =T TfL, . (6.9)

7. Recovery of the Internal Force Resultants

The components of the moment tensor M;; are readily calculated at the nodes from the nodal values of
U s> Uy and w .

When calculating the components of the internal shear vector V;, the usual approach would be to use the
third gradients of the shape functions (5.9) in the interiors of the triangles. But, for some problems, especially
ones which contain curved boundaries, the results can be unacceptably inaccurate. Consequently, here an alternate
approach is used.

Figure 13 at left shows a bi-linear differentiation cell in normalized
| & &—space, with &; € (—1,1). In physical x—space, the cell corresponds to the
quadrilateral element in Fig. 11. The shape functions S’ of the cell are

SO=fOGfG) . ST = GG
éo S=f'Cf &), S =G G, (7.1)

where

O=21-8, fO=-1+8 72)
2 , 2 | |

Figure 13. Differentiation cell The mapping from §—space to X—space is given by
in §—space.
x; = Sx}, (7.3)
where x/ are the coordinates of the nodes. Now, from eqn. (7.3),
0x; d0¢,

L — -
— =4, =Sxl = =A1, st=stA~1 7.4
aEa @ ,axz axi al ,L ,attat ( )

Denoting the nodal values of the moment tensor as M/ j» interpolate M;; within the cell as M;; = S Im] ;- Then

eqns. (1.6) yield the components V;, viz.,

Ve =SiML, +SLML, Y, =—SiML, —SiM), . (7.5)

8. Numerical Example in Cartesian Coordinates

Here the problem presented earlier in §3 is solved numerically. Due to symmetry, only the upper right
quadrant of Fig. 1 is analyzed. The (symmetry) boundary conditions at x = 0 and y = 0 are

$,=0, ¥, =0. (8.1)

On the boundaries x = L/2 and y = H/2 the (simply supported) boundary conditions are as per eqgns. (3.3). The
constants used in the analysis are

13
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E=3x10"psi, v=03, h=10in, L=360in, H=240in, F =10000lb. (8.2)
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Figure 14. Grid used in the analysis as explained in the text.

The computational grid used in the analysis is

§ —R pictured above in Fig. 14. It consists of a 36 X 24
u‘-{ array of nodes, and a 35 X 23 array of quadrilateral
. Qp elements.
B
N ,d Figures 15 through 18 show the calculated
_ 4P results at (or near) the left boundary of the domain
£ 8 x = 0. In all graphs which follow: the solid curves
EN represent the exact solution; and the plotted points, the
numerical results. Figures 15 through 18 show,
] —° respectively, the results for the displacement, the
= O rotation, the moment components, and shear vector.
c,oo" Note that in Fig. 18, the results are for a vertical line
N running through the centers of the leftmost column of
0 40 80 120 elements, i.e., for the vertical line at x = 2.571 in. In
y (in) all cases, for all practicality, the numerical results

reproduce the exact solution.
Figure 15. Results for the displacement u at x = 0.

Figures 19 through 21 below show the results at (or near) the right boundary of the domain x = 180 in.
These figures concern, respectively, the rotation, moment and shear vector. Also, the shear component in Fig. 21
is for a vertical line passing through the centers of the rightmost column of elements, i.e., along the vertical line
x = 177.428 in. As before, the numerical results basically reproduce the exact solution.
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Figure 16. Results for the rotation component ¢, at Figure 17. Results for the moment components
x=0. M, (red) and M, (blue) at x = 0.
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Figure 18. Results for the shear component 1, Figure 19. Results for the rotation component ¢,,
atx = 2.5711in. atx = 180 in.
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Figure 20. Results for the moment component M, Figure 21. Results for the shear component I,
atx = 180 in. atx = 177.428 in.

Figures 22 through 24 below show the results for, respectively, the displacement u, the rotation vector ¢;
and moment tensor M;;, all along the vertical line of nodes in the grid located at x = 82.286 in. The results for
the shear vector V; in Fig. 25 are for the vertical line running through the centers of the column of elements
located at x = 84.857 in. Once again, effectively, the numerical results reproduce the exact solution.

o (=3
= | 7 N |
~O 'oc,
o
? 8
E P = e
= Q ) A
= o x -
g ® g loT .
2 e )
0
8 8
i ~ 00000
0 40 80 120 0 40 80 120
y (in) y (in)
Figure 22. Results for the displacement u Figure 23. Results for the rotation components
atx = 82.286in. ¢y (red) and ¢y, (blue) at x = 82.286 in.
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Figure 24. Results for the moment components Figure 25. Results for the shear components V, (red)
My, (red), My, (blue) and M, (purple) and V,, (blue) at x = 84.857 in.
atx = 82.286 in.

Finally, for the corner force located at the upper right corner of the domain, the numerically calculated
value is —745.4 Ib, while the exact value is —745.6 1b, ¢f., eqn. (3.11), which amounts to a relative error
of —0.027%.

9. Numerical Example in Polar Coordinates
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Figure 26. Computational grid used in the analysis, as explained in the text.
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The problem solved earlier in §4 is solved here
numerically. The computational grid used in the
analysis is shown above in Fig. 26. It consists of a 19
/’ (radial) X 28 (tangential) array of nodes, and an 18
/c{ (radial) X 27 (tangential) array of quadrilateral
}( elements. The constants used in the analysis are as per

eqn. (4.13) above.

0.200

bx

0.100
Na.
K

Figures 27 through 29 show the results at (or
near) the boundary at & = 0. Figures 27 and 28 depict,
respectively, the results for the rotation and moment at
0 = 0. Figure 29 depicts the shear vector along the
o radial line running through the centers of the elements
o0 at the bottom of the computational grid, i.e., along

120 200 280 360 6 = 0.009259r. In all the graphs: the solid curves
r(in) represent the exact solution; and the plotted points, the
numerical solution. As is evident from Fig. 27, the
Figure 27. Results for rotation component ¢, numerical results for the rotation are quite accurate.
atg = 0. The same is true for the moment (Fig.28), except for
the slight error at the outer radius. Finally, for the
shear component (Fig. 29), the numerical solution is also quite accurate, again, except for some minor error near
the outer radius of the domain.
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Figure 28. Results for moment component M, Figure 29. Results for shear component V),
at6 = 0. at 6 = 0.009259.

Figures 30 through 33 show the results for, respectively, the displacement u, the rotation vector ¢;, the
moment tensor M;; and shear vector V; at (or near) the outer radius of the domain. The results in Figs. 30
through 32 correspond to the outer radius r = 360 in, while the results for the shear vector (Fig. 33) are for the
circular arc running through the centers of the elements at the outer radius, i.e., along the arc at r = 349.2 in. As
is evident from Figs. 30 through 32, the numerical results for the displacement, rotations and moments are quite
accurate. As for the shear vector (Fig. 33), while the numerically calculated values do exhibit some error, overall,
though, their accuracy is still quite acceptable.
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Figure 30. Results for displacement u at r = 360 in. Figure 31. Results for rotation components ¢, (red)
and ¢,, (blue) at v = 360 in.
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Figure 32. Results for moment components My, (red), Figure 33. Results for shear components V; (red) and
M, (blue) and M, (purple) at 7 = 360 in. V, (blue) at r = 349.2 in.

Figures 34 and 35 below present the results for, respectively, the moment tensor M;; at the inner radius of
the domain r = 120 in, and the shear vector V; along the circular arc running through the centers of the elements
at the inner radius, i.e., along r = 123.7 in. As is seen from Fig. 34, the magnitudes of the numerically calculated
bending moments M,,, and My, are under-estimated somewhat. The numerically calculated shear components
(Fig. 35) have generally the correct character, but the numerical results disagree with the exact solution by about
40% at @ ~ m/8 (V) and 8 ~ 31 /8 (V). These results for the shear components V; are the most inaccurate part
of the solution, and the author considers them to be bordering on unacceptable.

19



A Finite Element Method for Classical Plate Theory

1500
80.0

40.0

Mjj (Ib)
J
o
o
9.
Vi(lb/in)
0.0
L]
(o]

-1500
).

)
Q
Ple
ad
Ty
40.0

N~ N L 7 >}

TN

-3000
80.0

2 [
0.000 0.125 0.250 0.375 0.500 0.000 0.125 0.250 0.375 0.500
e(xm) 0(x1)

Figure 34. Results for moment components My,, (red), Figure 35. Results for shear components V, (red) and
M,, (blue) and M, (purple) at 7 = 120 in. V, (blue) at r = 123.7 in.

Figures 36 through 38 below show the results for, respectively, the displacement u, the rotation vector ¢;
and moment tensor M;; along the radial line of nodes located at & = 0.1296m. Figure 39 shows the results for the
shear vector V; along the radial line passing through the centers of the quadrilateral elements located at inclination
6 = 0.1204m. As previously, the numerical results for u and ¢; are quite accurate. For the moments M;; (Fig. 38),
there is some slight inaccuracy at the inner and outer radii of the domain in the calculated bending moments M,,,
and M, but elsewhere the numerical results are quite accurate. As for the shear vector V; (Fig. 39), in the interior
of the domain the numerically calculated values are quite accurate and acceptable. Near the outer radius of the
domain, though, there is some (somewhat minor) inaccuracy, but near the inner radius, the inaccuracy is very
large (which is consistent with the results of Fig. 35 above).
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Figure 36. Results for displacement u Figure 37. Results for rotation components ¢, (red)
at 0 = 0.1296m. and ¢,, (blue) at 6 = 0.12967.
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Figure 38. Results for moment components My,, (red), Figure 39. Results for shear components V, (red) and
M, (blue) and M, (purple) V, (blue) at & = 0.1204m.
atf = 0.1296m.

Figures 40 through 42 below present the results for, respectively, the displacement wu, rotation vector ¢;
and moment tensor M;; along the ring of nodes located at = 234.8 in. In all cases, the numerically calculated
results are highly accurate. Figure 43 shows the results for the shear vector V; along a ring passing through the
centers of the quadrilaterals located at r = 242.1 in, and these numerical results, also, are highly accurate.
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Figure 40. Results for displacement u at r = 234.8in.  Figure 41. Results for rotation components ¢,. (red)
and ¢, (blue) at r = 234.8 in.
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Figure 42. Results for moment components My,, (red), Figure 43. Results for shear components V, (red) and
M, (blue) and M, (purple) V, (blue) atr = 242.1 in.
atr = 234.81in.

Finally, as for the corner forces at: (r,8) = (b, 0), which force is downward; and at (r,0) = (b, /2),
which force is upward, the numerically calculated magnitudes (are both) 3862.8 lb, and the exact magnitudes are
3935.91b, cf,, the table at the end of §4. The relative error is 1.86%.

10. Closing Remarks

The problem in Cartesian coordinates presented in §8 is easy to solve numerically. In fact, due to the
rectangular elements, the simpler, 12—degree of freedom tensor product cubic element probably would perform
just as well.

The problem in polar coordinates presented in §9, though, is more difficult to solve. While the numerical
values obtained for the nodal values of the displacement u, rotation vector ¢; and moment tensor M;; are, for the
most part, highly accurate, the numerical values of the shear vector V;, in some instances, exhibit significant
inaccuracy near the boundaries of the domain. Nevertheless, one supposes that using a more refined grid would
increase the accuracy of the numerically calculated shear vector components. Perhaps also the procedure used in
§5 to condense out the mid-side nodes is responsible for the inaccurate calculation of the shear components within
the triangles (by using the third gradients of the shape functions 5.9). While it may be possible that a 12—degree of
freedom tensor product cubic element formulated in polar coordinates would perform well for this problem, this is
not an optimal solution, since such an element would be valid only for domains consisting of sectors of annuli.
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