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A Finite Element Method for Two-Dimensional Linear Elasticity

1. Governing Equations

The stress equilibrium equations are

03 = 0,

where 0;; is the stress tensor, which is the force intensity acting in the j—direction on an internal face

(1.1)

whose normal is the i—direction. Also, herein, the comma denotes partial differentiation with respect to

the spatial coordinates. The components of the strain tensor ¢;; are given by

1
&ij = 5 (Wi + i)
where u; is the displacement vector.

Hooke’s Law is

1
O'xx:m[(l—V)Sxx-l'V Eyy] ,

Ty = ) [(1—v)eyy + Ve ]|,
1

Oxy = ¢ Exy »

or inversely

Exx =C[ (L —v)op —Vayy |, gy =Cl[A—=v)oyy, —vioe |, Exy = COyy
where
C = 1+v ,  v*=v (plane strain), v*= 2 (plane stress).
E 1+v

In eqgns. (1.5), E is Young’s modulus and v is Poisson’s ratio. Also,

plane strain: &, =0, 0,, = v(0x + 0yy)

v .
plane stress: 0,,=0, &, =— . (exx + &yy)

Finally, eqns. (1.3) may be written in tensorial form as

1 v 1
0ij = Lijuéa » Ly =7 [Iijkl + m&j&d] : lijia =5 (6B + 8jxby)

*

where §;; is the two-dimensional identity matrix (or Kronecker delta).

In polar coordinates, the stress equilibrium equations (1.1) are

1 1 2
Orrr + 2 0r00 + ;(Urr —0pg) =0, Oror + 00,0+ 0rg = 0.

Hooke’s Law in polar coordinates is the same as eqns. (1.3): just make the replacements x — r
and y — 6. In polar coordinates the strain-displacement relations (1.2) are

1 1 1,1 1
Err = Upy €00 = " Uo,6 +;ur ) €0 = 5| 7 Ure +ug, — U ) -

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)
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2. Principle of Virtual Work

Multiply the equilibrium equation (1.1) by a once differentiable vector field u]* (the so-called
virtual displacement) to obtain

u;Uij,i =0. (21)

By the product rule of differentiation (ufoi ]-) = u;;0;; + uj0y;;, which when put into eqn. (2.1) yields

uj,i0y = (oy) - (2.2)
Next, by using Hooke’s Law (1.7) and the symmetries of L;jx;, eqn. (2.2) is
WLkt = (ufo'ij)'i : (2.3)

Now, integrate eqn. (2.3) over the domain A and use the Divergence Theorem to see

ju iLijriug, dA = fu]*T] dt, (2.4)
A t
which is the Principle of Virtual Work. In eqn. (2.4), t is the coordinate around the boundary of A, and
T; = n;0y; is the traction vector acting on the boundary (n is the outward-pointing unit normal vector on
the boundary). Finally, as seen from eqn. (2.4), admissible boundary conditions for linear elasticity are to
prescribe either the displacement u; or traction T; at each point on the boundary.

3. Analytical Example in Cartesian Coordinates

Consider the stress field

12V 2
Oxx = (L - x)y, Oyy = 0, Oxy = 2H3 (4}7 —H?), 3.1

which spans the rectangular domain (a cantilever beam) of Fig. 1 below. Note that

H/2 H/2
f Oxy(L,y)dy = =V, f V0., (0,y)dy = VL, (3.2)
-H/2 -H/2

so that V > 0 is the net shear force applied to the ends of the beam, and a moment VL is applied to the left
end of the beam. Also, eqns. (3.1) satisfy the equilibrium eqns. (1.1) identically. With eqns. (3.1) and
Hooke’s Law (1.4), the strain

y components are
12VC(1 —v")
T fx = L0y,
v A

2 12VCv*
VL _I_ - &y =~ "3 (L—x)y, (3.3)

2 VEC 4o 2

j_ v Exy = ﬁ (4‘ H?).

: L l Finally, integrating the strains (3.3), via

eqns. (1.2), such that
Figure 1. Domain of a cantilever beam.
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u,(0,0) = u,,(0,0) = 0 and u, (0, H/2) = 0, one obtains the displacement field

C
Ux = o3 [12(1 —v)QLx —x®)y + 42 —v)y3 — (2 —-Vv)H?*y],
C
Uy =~ [12v*(L —x)y? +4(1 —v)(BLx? —x3) + (4 +v)H?*x]. (3.4)
Consistent boundary conditions are then
12VL
T, = — TERRA T, =0
onx =0, 3V onx =1L
_ H? _ 3V H2
Ty = —5pz (4y* —H?) Ty =55 (4y? —H?)
H Tx =0
andony = iE ) (3.5)
T,=0

along with the conditions u,(0,0) = u,,(0,0) = 0 and u,(0,H/2) = 0.
4. Analytical Example in Polar Coordinates
In polar coordinates, the quarter-annular

domain shown at left in Fig. 2 is subjected to the
boundary conditions

u,(a,0) =ug(a,6) =0,

2F
T.(b,0) = TCOS 40 , Ty(b,0) =0,
a\ b

[y

T.(r,0) =0, ug(r,0) =0, 4.1
\ X T.(r,m/2) =0, ug(r,m/2)=0,
Figure 2. Quarter-annular domain. where
/8
F= J T,.(b,0) bd6 . (4.2)

0
The boundary conditions (4.1) may be satisfied with a displacement field of the form

= f(r)cos406 , ug = g(r)sin4é6 . (4.3)

Substituting eqns. (4.3) into the strain-displacement relations (1.9), one obtains the strains
1 1 1 4
= f'cos 46 , 599=;(f+4g)cos49, £r9=5<g’—;g—;f)sin49, (4.4)

and via Hooke’s Law (1.3), eqns. (4.4) give the stresses

Opp = m[(l—v)f+ f+—g]cos49

1-v" 4(1 —v")
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1 .1 4 .
Oro = 5= (g —;g—;f)sméw.

Note that eqns. (4.3) and (4.5) satisfy the boundary conditions at & = 0 and 8 = 7 /2 identically. Now,
substitution of the stresses (4.5) into the equilibrium eqns. (1.8) yields the coupled pair of ordinary
differential equations

A-v),, ©-17v) 2, 23-4v")

1 _ * n ! 4 — 0 ,
A=vOf'+——f = [t 9
o, @=2v")  (33-34v") 4 4GB -4
(1-2v)g" + 9 - 5 g—=f' ———5—f=0 (4.6)
r r r
By assuming functions of the form
f=kr?P, g=1r?P, 4.7)
eqns. (4.6) become
[[(1—1/*)102—(9—171/*)] 2[p-B—-4v)] “k]:[o] 4.8)
—4[p+ (B —4vY) ] [(1—=2v)p—(33—-34v*)]ILI 0l '
which has nontrivial solutions if the determinant of coefficients is zero, viz.,
p* —34p? +225=0. (4.9)
Thus,
p=-5,-3,3,5. (4.10)

Next, using the four null vectors of eqns. (4.8) as generated by the powers (4.10), one obtains the relations
between the eight constants k; and [;

5 = I =k 3 5 =2
= - = = = — = e ——
22 —-vY)
p=3 = l3=—k3, p=5 = l4=—mk4. (411)
Finally, the functions f and g are then
k1 k2 ll lZ
f=r—5+r—3+k3r3+k4r5, g=ﬁ+r—3+l3r3+l4r5. (4.12)

Turning attention to the boundary conditions at r = a and r = b, eqns. (4.3), (4.5), (4.11)
and (4.12) give the system

1/a® 1/a® a3 a® k4 0

1/a5 2°/[B-2a%] —a® —22-v)aS/(+2v) || k, \ ) l ; ] (4.13)
—-5/b% —9/[(3—2v)b3] 3b3 5bS/(1+2v*) || ks | | 2FC '
—5/b5 —6/[(3—2v)b3] —3b3 —10b5/(1 4 2v*) Il ks 0

to solve for the constants k;. The first of eqns. (4.13) is from u,-(a, @) = 0; the second is from
ug(a, 8) = 0; the third, from T,.(b, 8) = 2F cos 460 /b ; and the fourth, Tg(b, 8) = 0. Instead of solving
eqns. (4.13) algebraically, they were solved numerically using the constants

E=3x10"psi, v=03, a=36in, b=72in, F=10,0001lb (4.14)

for plane stress. The results are
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k; = 4.468854986 1019630 x 103 l, = 4.4688549861019630 x 103

—6.240 733 337 857 3010 x 10° I, =—1.134 678 788 701 3274 x 10° (4.15)
ks = 1.437 7361400891819 x 10~° I3 = —1.437 736 140 089 1819 x 107° ~

k, = —1.194 905 134 758 0960 x 10~ 13 I, = 2.892928220993 2855 x 10713

===
N
I

which constants solve the problem at hand.

5. The 9—-Noded Isoparametric Element

At left, in Fig. 3, is pictured the element in normalized
& &—space, where &; € (—1,1). The mapping to physical Xx—space is
_ facet accomplished with
& 71 8 . x; = Slx! (5.1)
face2 ¢3 4de 5¢ —

where x! are the coordinates of the nodes in x-space. With the aid of
the quadratic functions

0 1 2

. 1 1
face 3 @ =Z(=E+E), d=1-8, @=E+E),  (52)
Figure 3. The element in

&-space as described  the nine shape functions S’ are given by the tensor product
in the text.

§9=a%@Ep)a’() ,  St=a')a’G) ,  $?=a’(§)a’¢) ,
$?=a’@al(§),  S*=da'@al(§),  S®=a’(al() , (5.3)
§¢=a’GE)a*(§) ,  ST=a'a*), P =a*(§at(§) -

Consistent with eqns. (5.1),

0% _ y gty de; = 4. d de, = A-1d sh =gl A1 5.4
af(x— ia = OaXi » Xi = Ajq fa' Ea_ ai AXi i~ Qalai - ()

From the second of eqns. (5.4), integrals over the domain A may be transformed as

j () dar = j ( )(detA) d4¥ 5.5)
AX A8

where dAX is the differential of area in X-space, and dA? is the differential of area in &-space. For
integrals along the boundary, dx; = A;, d§, (on facesl and 3, ¢f., Fig. 3, where d¢§; = 0) and
dx; = A;; d&; (on faces 0 and 2 where dé, = 0). Thus, (dt)? = dx;dx; implies

1

f( )dt = f( )~/ A4 dé, (faces 1 and 3),
t -1

1
jg( )dt = f( ) A1 A d&; (faces 0 and 2) . (5.6)
t 21

Numerically, the right-hand integrals in eqns. (5.5) and (5.6) are calculated with the three-point Gauss-
Legendre quadrature rule, which rule integrates fifth order polynomials exactly.
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Turning attention now to the Principle of Virtual Work, interpolate the virtual displacement u; as
* ¢l *I * ¢l xl
u] =S U,j B u]',i = S,iu]' B (57)

where u}‘l are the nodal values of the virtual displacement u}‘. Note that eqns. (5.1) and the first of

eqns. (5.7) are of the same form. Hence the term “isoparametric”. Nevertheless, substitution of eqns. (5.7)
into the Principle of Virtual Work (2.4) gives

u;! f SiLijiquyx dA = uj! }Q S'T; dt (5.8)
A t

or since u}‘l is arbitrary,

fS,IiLi]'klul,k dA = ngITj dt . (5.9)

A t

Now, interpolate u; and u; j within the element as

u, = S/, U = S’{(ul] ) (5.10)
where ul] are the nodal values of the displacement u;. Finally, putting the second of eqns. (5.10) into
eqn. (5.9) gives the stiffness relation for the element

Kiul =1, (5.11)
where

I
K = fs_’iLijkls,{( da, fl= fslTj de . (5.12)

A t

6. Numerical Example in Cartesian Coordinates
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Figure 4. Grid used in the analysis as explained in the text.

Here the problem presented earlier in §3 is analyzed numerically. The computational grid used is
pictured above in Fig. 4. It consists of a 37 X 25 array of nodes, and an 18 X 12 array of elements. The
constants used in the analysis are

E=30x10"psi, v=03, V=100001b/in, L=10in, H=5in, (6.1)

and plane stress is assumed.
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Figure 5. Displacement components u,, (red) and
uy (blue) aty = —2.5in.
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Figure 6. Displacement components u,, (red) and
uy (blue) at x = 0.

In all the graphs: the solid curves show the
exact solution; and the plotted points, the
numerical solution. For the numerical solution:
the displacement components u; are calculated at
the nodes; the stress components o;; are also
calculated at the nodes (by using the gradients of
the element shape functions and nodal averaging).

Figure 5 at left shows the results for the
displacement components u; along the bottom of
the domain at y = —2.5 in. As is evident, the
numerical solution basically reproduces the exact
solution.

Figures 6 and 7 below show the results at
the left end of the domain x = 0. As is evident,
once again, the numerically calculated
displacements u; (Fig. 6), and stress components
0xx and ay,, (Fig. 7), basically coincide with the
exact solution.

s
> o]
[0
,.
o '?.v
2 p s
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<
o
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3 = 2050, P vore 0.0
E‘ Pe ad

] s
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T

oN

e

-2.50 0.00 2.50
y (in)

Figure 7. Stress components o, (red) and
Oxy (blue) at x = 0.

Figures 8 and 9 below present the results along the right end of the domain located at x = 10 in.
Here also, the numerically calculated displacement components u; (Fig. 8), and stress component gy,

(Fig. 9) are highly accurate.

Finally, Figs. 10 and 11 below give the results along a vertical line through the grid located at
x = 7.5 in. As before, the numerical results for the displacement components u; (Fig.10), and stress
components gy, and agy,, (Fig. 11), for all practical purposes, reproduce the exact solution.
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Figure 8. Displacement components u,, (red) and
u, (blue) at x = 10 in.
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Figure 9. Stress component ay,, at x = 10 in.
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Figure 10. Displacement components u,, (red) and Figure 11. Stress components g, (red) and

Uy (blue) at x = 7.5 in.

7. Numerical Example in Polar Coordinates

Oxy (blue) at x = 7.5in.

The problem presented above in §4 is solved here numerically. The computational grid used for
the numerical analysis is shown below in Fig. 12. It consists of a 25 (radial) X 37 (tangential) array of
nodes, and a 12 (radial) X 18 (tangential) array of elements. The constants used in the analysis were given

previously in eqns. (4.14). Plane stress is assumed.

In all the graphs herein: the solid curves show the exact solution; and the plotted points, the
numerical solution. For the numerical solution: the displacement components u; are calculated at the
nodes; the stress components g;; are also calculated at the nodes (by using the gradients of the element

shape functions and nodal averaging).
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Figure 12. Computational grid used in the analysis as described in the text.
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Figure 13. Displacement component u, at 8 = 0.

72.0

Figure 13 at left presents the results for the
displacement component u, along the bottom of
the domain at 8 = 0. Figure 14 below shows the
results for the stress components gy, and gy, also
at 8 = 0. As is seen from both the figures, the
numerically calculated results are highly accurate.

Figures 15 and 16 depict the results at the

outer radius of the domain r = 72 in. Figure 15
shows the numerically calculated displacements
components u, and u,,, which again, are very
accurate. The stress components are shown in
Fig. 16. Except for the minor inaccuracies in g,
near @ = /2, and in g, near 8 = 0, the
remaining numerical results are accurate.

Figure 17 below shows the results for the

stress components Oy, 0y, and dy,, at the inner radius of the domain r = 36 in. In this case, all three

numerically calculated stress components basically reproduce the exact solution.

10



A Finite Element Method for Two-Dimensional Linear Elasticity

300

4.00

200
N
2.00

oij(psi)

100
S

uj (in x 1074)
0
o
A%
Feod
o

Y
N

100
—
4.00

36.0 48.0 60.0 72.0 0.000 0.125 0.250 0.375 0.500
r(in) 6(x1)

Figure 14. Stress components g, (red) and Figure 15. Displacement components 1, (red) and
0y, (blue) at 6 = 0. Uy (blue) atr = 72 in.
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Figure 16. Stress components g, (red), Figure 17. Stress components g, (red),
dyy (blue) and gy, (purple) at dyy (blue) and oy, (purple) at
r=72in. r = 361in.

Figures 18 and 19 below present the results along a radial line through the grid located at
6 = m/8. As has been the case, the numerically calculated displacement components u, and u,, basically
coincide with the exact solution. For the stress components oy, and dy,,, the numerically calculated
results also are very accurate. Note that at § = 11/8, gy, = 0y,

Finally, Figs. 20 and 21 below depict the results along a ring of nodes through the grid located at

r = 53.939 in. Yet once again, the numerically calculated displacement components u,, and u,, (Fig. 20)
and stress components yy, 0y, and oy, (Fig. 21) all are highly accurate.

11
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Figure 18. Displacement components u, (red) and Figure 19. Stress components o, (red) and

u,, (blue) at 6 = /8. gyy (blue) at 6 = /8.
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Figure 20. Displacement components u,, (red) and Figure 21. Stress components o, (red),
u, (blue) at ¥ = 53.939 in. dyy (blue) and oy, (purple) at
r =53.939 in.

8. Closing Remarks
Obviously, the 9-noded isoparametric element of §5 is both highly reliable and highly accurate,
and it is the finite element of choice for two-dimensional linear elasticity. It is worth mentioning that if

the grids of nodes in Figs. 4 and 12 are meshed with the 4—noded isoparametric element, then the
numerical results obtained are significantly less accurate.
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